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Abstract
A time-optimum control problem is solved for Monod's model of 
bacterial growth in continuous culture. The solution is obtained using 
Green's theorem and has a simple feedback form.
Introduction
In industrial production of micro-organisms, in procedures 
directed at microbiological alteration of the medium, and in many biological 
and ecological experiments it is necessary to control the growth of 
bacteria. Lack of mathematical models of complex growth processes is 
probably the main reason for present nonexistence of applications of control 
theory to this important class of control problems. It is surprising, 
however, that the control theory has not been applied to the growth
processes for which experimentally tested models exist.
2This paper presents the solution of a time-optimum control 
problem for a widely used growth model [l-4], The bang-bang form of the 
optimum control corresponds to a change from the growth in a batch culture 
to the growth in a continuous culture or vice-versa. This result may find 
applications in fermentation industry [5-7], production of antibiotics [6,7], 
waste water treatment [8], etc.
Growth in Batch and Continuous Cultures 
In this section we briefly review Monod's theory of growth in 
batch and continuous cultures. More details can be found in microbiological 
literature [2],
In a "batch culture" bacteria grow at a rate which is controlled 
only by their ability to utilize some component of their environment.
Provided that aerobic bacteria have an adequate supply of oxygen and that the 
pH and temperature are kept within acceptable limits, their rate of growth 
will be determined by the rate at which they can metabolize constituents 
of the medium, and as one of these becomes exhausted, growth will slow down
and eventually stop.
3In a "continuous culture" fresh medium continuously flows into the 
completely mixed, constant temperature, constant pH culture vessel at the 
same flow rate at which bacterial culture emerges from the vessel. The 
medium contains a single organic substrate (for example glucose) at a 
fixed concentration, while all other substrates are present in excess.
Thus the growth is controlled by the supply of this growth-limiting 
substrate, that is by the flow of the medium. By proper adjustment of the 
flow bacteria culture can be maintained in growth practically indefinitely.
A simple mathematical model of growth can be derived from several 
basic assumptions which were deduced from batch culture experiments by 
Monod [l].
First, over any interval of time, t-t , the ratio of weights of
bacteria formed and substrate used is a constant Y called the yield constant,
x - x
= Y, (1)
o
where x is concentration of bacteria and s is concentration of substrate at
time t, and x and s are respective concentrations at time t .* o o o
clxSecond, the specific growth rate ~ / d t  = is a function of the
4concentration s of the limiting substrate. It is proportional to s when s 
is low and reaches a constant saturation value when the concentration s is
high. Several analytical expressions for M- have been proposed, the most 
common one being
M- = M-m s + K * s
( 2)
where M«m is the growth rate constant and Kg is a saturation constant equal
to the substrate concentration at which |-i = M- /2 .m
Thus in a batch culture bacterial growth is described by
=  u, — § ------dt m s + K (3)s
where the substrate concentration s is defined by (1) . The rate of change 
equation for s is
ds _ ijn # s 
dt " “ Y s + K X * (4)s
A further assumption is made to describe growth in a continuous
culture. It is assumed that (-1 , K , and Y are constant not only when them s
flow f of the medium is zero (batch culture), but also when f is variable 
(continuous culture). This is in agreement with most of the experiments
5and appears to be a reasonable simplification for many qualitative and 
semi-quantitative studies [2,4]. Then the growth in a continuous culture 
can be described by including in (3) and (4) the changes of the concentrations 
x and s due to the flow. If the volume of the culture vessel is v, the 
number of volume changes per unit time is “  and is called the dilution 
rate D . Thus the rate of change of x due to the flow f is -Dx and (3)
The analogous rate of change of s is D(s - s), where s = const is the
K  K.
concentration of the limiting substrate in the inflowing medium. Hence (4)
becomes
dt ^m s + K Dx (5)s
becomes
( 6)
We will use s„ as the unit for s, Ys„ as the unit for x, M- as the unit for R R m
dx
dt s + K
s x - Dx (7)
ds
dt ( 8)
6where K = K / s„ . The virtue of this normalized model is that our results s R
will depend on the parameter K only.
Considering x and s as the state variables, (7) and (8) form a 
state space model of bacteria growth. With z = x 4- s - 1 (7) and (8) can 
be transformed to
(9)
ds s s \ f i v
n = • t t k  2 + (D • m )(1-s)- (10)
The choice of z and s as the state variables is convenient because in a
batch culture D = 0 and z = const and the model reduces to (10) .
The phase plane of a batch culture with K = 0.1 is given in
Fig. 1. Clearly the stable steady states are s = 0 (substrate exhausted),
while the unstable ones are x = 0 (no inoculum).
The most widely used continuous culture apparatus is the "chemostat"
[6] which, operates in a steady state with some constant dilution rate
DK DKD = const. The steady states x = 1 - y y  , s = y y  lie on the segment 0 <  s< 1 
of the z=0 line. For D > y y y  tlle steady state is z=0, s=l.. The phase planes
of a chemostat system with K =0.1, and D = 1.5 is shown in Fig. 2.
7Time-Optimal Control
The problem considered here is: Given an initial state A with
concentrations (x ,s ) , vary the dilution rate D within an admissible
r* n.
range 0 < D < M, to reach some desired state B with concentrations (x^,Sg) 
in minimum time.
We first determine sets of states (x,s) reachable from the state A 
in finite time. By inspection of (9) the states on the line z = 0 are 
reachable only from the states on this line. Furthermore, if 
= x^ + s^ - 1 > 0 then z(t) = x(t) + s(t) - 1 > 0 , and if
z = X  + S - 1 < 0 then z(t) = x(t) + s(t) - 1 < 0 for all finite t.
A A A
For clarity assume M = 1.5 and K = 0.1 and consider in the region z > 0 a
state A+ , see Fig. 1 and Fig. 2. The set of states reachable from A+ with
z > 0 is given in Fig. 3. The boundaries of this set are the straight
A
lines z = 0 and s = 0 and the trajectories passing through A+ with D = 0 
and D = M. The boundaries z = 0 and s = 0 do not belong to the set of 
reachable states. An analogous result holds for the state A where z^ < 0,
Fig. 3.
8Next we introduce the notion of the set of admissible trajectories
+  +from A to B. For the pair A , B in Fig. 4 this set is bounded from the 
left by the trajectory A+ F+ correcponding to D = M and by the trajectory 
F+ B+ corresponding to D = 0, that is z = z + . From the right it is bounded
D
+ + + +by A G corresponding to D = 0, that is z = z^+, and by G B corresponding
to D = M. The boundaries of the set of admissible trajectories for the pair 
A , B are also-shown in Fig. 4.
Among the admissible trajectories we now seek the minimum time 
trajectory from an initial state A to a desired state B. This problem 
belongs to the class of problems for which Miele [9,103 suggested a method 
based on Green's theorem. „ In Miele's method the transfer time from A to B 
along a trajectory P is expressed as the line integral
T = J(Ldx + Nds) . (11)
P
Solving (7) and (8). for dt and D we see that in our problem
L = s+Ksx(l-s-x) N =
s+K
s(l-s-x) * ( 12)
and we analyze (11) and (12) to find an admissible trajectory for which the
9line integral (11) has the smallest value. The comparison of the values
and of (11) along any two admissible trajectories P^ and P is made
by using P. and P. to form a contour C... Let R. . be the closed region i J ij ij
bounded by . Then, by Green's theorem,
T. - T. i J = j>(Ldx + Nds) = JJ(|f - f^ )dxdsC. . R. .ij iJ
(13)
where, for our problem
M  _ _
Bx " òs " K 2
s - 1 = K
s x(x + s - 1)
s- 1 
2s xz
(14)
Let the direction of integration (13) be from A to B along P and from B to
A along Pj. Since by the statement of the problem 0 < x, and 0 < s < 1, the
+ +sign of the integrand is the sign of -z. Consider A = A and B = B in
Fig. 4. Then z > 0 and T. > T. if the integration along the contour C.. is
1 J ij
clockwise. Now select a trajectory P^ and compare it with any other 
trajectory P^ from A+ to B+ . It is clear from Fig. 4 that if the 
trajectory A+ F+ B+ is selected as the trajectory P^, the contour is
traversed in clockwise direction for any admissible trajectory P^. Thus
“I" "fA F B is the minimum time trajectory and the corresponding control law
10
M if z > v
0 if 2 2  V
(15)
is time-optimal.
Similarly for the pair A = A~, B = B~ in Fig. 4 where z < 0 the 
trajectory A F B is the minimum time trajectory. The time-optimal 
feedback control is
0 if 2 2  V
M if z <  2b-
Note that the trajectories A+ G+ B+ and A G  B~ in Fig. 4 are 
the maximum time trajectories.
To see the dependence of the transfer time on the control law,
several numerical examples are given in the table below. T . and Tmin max
are the minimum and maximum transfer times, respectively, and T^ is the
transfer time with the control D = d = const.
M K XA SA XB SB d T . m m Tmax Ta
1 0 . 1 1 0 . 1 0 0.976 0.119 0.300 0.157 0 .2 0 2 0.171
0 1 2 5 10 1 0 .1 0 0.860 0 .2 2 0 0.050 3.26 10.47 4.46
0.25 10 1 0.25 0.980 0 .2 0 0 0.025 7.02 17.30 8.93
0 .0 0 2 1000 1 0.50 0.848 0.552 0.0005 409.7 506.5 446.3
11
Note that the ratio T : T . can be as large as 3:1 and thatmax m m
T. is closer to T . . d m m
Conclusion
For the nonlinear model of bacterial growth (7) , (8) , with the 
dilution rate as the bounded control variable, the time-optimal control law 
has a simple feedback form (15) and (16). Due to normalization (7), (8) of 
Monod's model (5) (6), the control law (15) and (16) is valid for different 
bacteria processes. For a given normalized dilution rate M particular time- 
optimal trajectories depend on a single parameter K.
The above time optimal control may find direct applications in 
microbiological experiments, fermentation industry and waste water treatment. 
Moreover, it forms a basis for optimum control problems with more complicated 
performance criteria, such as maximum production of bacteria and maximum 
utilization of nutrient.
12
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Figure 1. Phase plane of a batch culture
14
Figure 2. Phase plane of a continuous culture, K = 0.1 and D = 1.5.
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Sets of states reachable from A and A .Figure 3.
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-f- -J- —  —Sets of admissible trajectories from A to B and from A to B . 
■4* *f- *4* — — —A F B and A F B are the minimum time trajectories.
Figure 4.
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